We investigate the small but finite amplitude solitary Kinetic Alfvén waves (KAWs) in low β plasmas with superthermal electrons modeled by a kappa-type distribution. A nonlinear Korteweg-de Vries (KdV) equation describing the evolution of KAWs is derived by using the standard reductive perturbation method. Examining the dependence of the nonlinear and dispersion coefficients of the KdV equation on the superthermal parameter κ, plasma β and obliqueness of propagation, we show that these parameters may change substantially the shape and size of solitary KAW pulses.
I. INTRODUCTION
Kinetic Alfvén waves (KAWs) play an important role in transporting and dissipating energies in a large number of space and heliospheric plasma environments [1, 2] . Unlike the shear Alfvén waves in ideal Magnetohydrodynamics (MHD), KAWs are dispersive, and have an electrostatic field parallel to the external magnetic field. This distinct behavior takes place when kinetic effects associated with the finite ion Larmor radius and/or finite inertial length have to be taken into account. For instance, when the perpendicular wavelength is comparable to the ion gyroradius, ions no longer follow the magnetic lines of force, whereas electrons still do due to their small Larmor radii. This produces a charge separation, and the corresponding coupling of shear Alfvén waves to electrostatic modes results in KAWs as a normal mode of the system. Dispersion combined with nonlinearity lead to the formation of solitary KAWs. In 1976, Hasegawa and Mima [7] were the first to find the exact solitary KAW solutions using kinetic theory for a small but finite plasma beta such that m e /m i ≪ β ≪ 1, where m e /m i denotes the electron to ion mass ratio. These authors neglected ion inertia in the ion continuity equation and also the ion contribution to the parallel current density in Ampere's law, and derived the energy balance equation governing the solitary wave solutions of density humps.
Incorporating these two effects while addressing the same situation where m e /m i ≪ β ≪ 1, Yu and Shukla [8] showed that an upper limit exists for the amplitude of exact solitary Alfvén waves. Shukla et al. [9] again extended the work of Hasegawa and Mima [7] by considering the electron inertia to be the dominant contributor to wave dispersion as happens when β ≪ m e /m i ≪ 1. They found super-Alfvénic solitons with density depression and also derived the KdV equation from the Sagdeev potential equation. Examining the same model as Shukla et al. [9] but capitalizing on the concept of ion drift velocity, Kalita and Kalita [10] investigated the existence of exact nonlinear KAWs and showed that both super-and sub-Alfvénic rarefactive solitons exist, depending on the angle between the direction of propagation and the external magnetic field. Das et al. [11] studied the stability of the solitary KAWs considered by Shukla et al. [9] . After deriving the modified KdV equation and then carrying out a stability analysis using the small-k perturbation expansion method of Rowlands and Infeld [12, 13] , these authors found that the growth rate of the instability decreases with increasing angle between the direction of propagation and the external uniform magnetic field. Ghosh and Das [14] again studied the stability of solitary KAWs for a plasma with low but finite β values by considering the Boltzmann-distributed electrons. It was observed that the growth rate of the instability attains a maximum for perturbations given along a direction lying in the plane containing the external magnetic field and the propagation direction of solitary waves. Over the last two decades or so these investigations attracted the attention of many researchers to study solitary kinetic Alfvén waves in a variety of plasma models [15] [16] [17] [18] [19] [20] [21] .
Some investigations were also focused on the effects of dust particles on solitary KAWs [22] [23] [24] . We note that in most of the above-mentioned theoretical investigations the particle distributions are assumed to be a Maxwellian.
There are many circumstances in which the well-known Maxwellian distribution is not a proper description of the plasma species [25] [26] [27] . On theoretical grounds, [28] showed that a plasma in the presence of superthermal particles is subject to velocity-space diffusion, which will lead to a power law distribution at speeds much higher than the electron thermal speed.
Observationally speaking, the κ distribution [29] has been suggested to be more appropriate for describing most space plasmas than a Maxwellian. The presence of a high-energy tail component in a kappa distribution considerably changes the rate of resonant energy transfer between particles and plasma waves, so the conditions for various plasma instabilities may differ substantially for the two distributions. While there are many studies on the linear and nonlinear characteristics of electrostatic waves using these types of distributions [30] [31] [32] [33] [34] , only a few exist that examine solitary KAWs in the presence of non-thermally distributed electrons [35] [36] [37] [38] . Bandyopadhyay and Das [35] studied the stability of KAWs and ionacoustic waves in nonthermal plasmas using the Rowlands-Infeld method. Solitary KAWs of arbitrary amplitude for systems where electrons are nonthermally distributed is studied by Roychoudhury [36] . An exact Sagdeev potential equation was derived and it was found that both hump and dip solitons exist depending upon the nonthermal parameters for electrons.
Recently, Gogoi and Khan [37] studied the arbitrary amplitude kinetic Alfvén solitons using warm adiabatic ions and kappa-distributed electrons in a magnetized plasma. The system was shown to support compressive and double layer solutions, and it was demonstrated that the spectral index κ has significant effects on the shape and size of the solitary KAWs.
Recently rogue waves have become of considerable interest in the broad areas of nonlinear fibre optics [39] , optical systems [40, 41] , atmospheric research [42] and plasmonics [43] .
Rogue waves are short-lived phenomena appearing suddenly out of normal waves. Excess amount of energy accumulated in a small region makes the oscillations much stronger than the surrounding waves, with the initial process forming rogue waves usually attributed to the modulational instability. In the context of plasma physics, rogue waves have been studied for both electrostatic [44] [45] [46] and electromagnetic [47] [48] [49] modes. Shukla and Moslem [47] studied the formation of left-and right-hand circularly polarized Alfvénic rogue waves due to the nonlinear interaction between circularly polarized dispersive Alfvén waves and lowfrequency electrostatic perturbations. The amplitude of Alfvénic rogue waves decreases with increasing plasma number density, and increases with increasing magnetic field strength.
Panwar et al. [48] The organization of this manuscript is as follows. Section II presents the detailed derivation of the KdV equation, while section III examines the rogue wave solutions. The last section summarizes the present study.
II. MODEL EQUATIONS AND DERIVATION OF THE KDV EQUATION
We consider a magnetized electron-ion plasma with small but finite β such that m e /m i ≪ β ≪ 1. Ions are described by a set of fluid moment equations, while electrons are modeled by a kappa velocity distribution. We take the ambient magnetic field B 0 to be in the z-direction.
The quasi-neutrality condition is used, i.e., n e = n i = n. The two-potential theory [50] is employed to handle the perpendicular (φ ⊥ ) and parallel (φ ) potentials, justifiable for low-β plasmas. We assume that the propagation occurs in the x − z plane. The model equations can be written in normalized form as [8] 
with the electron density given by [31, 32] 
Here time is normalized by the reciprocal of the ion cyclotron frequency Ω ci , and the spatial coordinates by the ion inertial length d i = c/ω pi where c is the light speed and ω pi is the ion plasma frequency. Besides, n is normalized by the ambient density n 0 , the velocity
, and the potentials (φ ⊥ , φ )
by T /e. Here T is a constant electron temperature, and e is the absolute electron charge.
To derive the KdV equation we use the following stretching coordinates
where ǫ is a small dimensionless parameter representing the strength of nonlinearity, l x and l z are the directional cosines in the x-and z-directions, respectively (l
. When appropriate, we will also denote the propagation obliqueness with θ = arccos l z . Besides, M is the wave phase speed in units of v A . The dependent variables can be expanded as (see [14, 35] )
We now plug these expansions into the basic equations, and compare terms at different orders of ǫ. At ǫ 3/2 and ǫ 2 one finds
where c 1 = (κ − 1/2)/(κ − 3/2). Solving Eqs. (8) to (11) yields the following dispersion relation,
which gives rise to two different modes. One is a kinetic Alfvén mode corresponding to
the other corresponds to the well-studied ion acoustic mode [e.g., 51 , 52] and is not to be pursued here. At ǫ 3/2 , one finds c 1 ∂φ
From Eq.(4) at ǫ 3 one finds
∂τ ∂ξ
where c 2 = (c 1 /2)(κ + 1/2)(κ − 3/2). With the aid of Eqs. (8) to (11), the above equations simplify to
where
Eliminating second order quantities from Eqs. (18) to (20) with the help of Eq. (12), one arrives at the following KdV equation
where ψ = φ (1) . We note that the parallel potential φ in dimensionless form is required to be small for the reductive perturbation approach to be applicable. However, φ (1) is allowed to be of order unity, since it appears immediately after the smallness parameter in the expansion (7). Furthermore, the nonlinearity and dispersion coefficients, A and B, are given
The steady state solution to the KdV equation can be obtained by transforming ξ and τ to η = ξ+m 0 τ and τ = τ , where m 0 is a constant velocity normalized by v A , and by imposing appropriate boundary conditions for localized perturbations, namely ψ → 0, ∂ψ/∂η → 0, ∂ 2 ψ/∂η 2 → 0 when η → ±∞. A possible solution is given by
where the soliton amplitude and width, ψ m and ∆, are given by ψ m = 3m 0 /A, and ∆ = 4B/m 0 ,
respectively.
The characteristics of the solitary KAWs as described by Eq.(25) can be examined as follows. First, let us note that with β ≪ 1, both A and B are negative given that c 1 > 1.
For ∆ to be meaningful, m 0 has to be negative. Furthermore, if letting η = ǫ 1/2η , then one notices from Eq. (6) (1) = ǫc 1 ψ (1) may then be expressed as Moving on to Fig.2 , we note that the plasma β does not affect the amplitude of solitary waves but it has significant effects on their widths, which tend to increase with increasing β.
Both features are readily understandable with Eq. (26), which shows that the pulse width ∆ is approximately proportional to √ β for small enough β. One then sees that plasma systems with high β values tend to support wide solitary KAWs.
The effect of propagation angle θ with respect to the external magnetic field is examined in Fig.3 , where the full soliton profile is plotted as a function of η. The plasma β and κ are fixed at 0.05 and 2, respectively. From Fig.3 it can be seen that both the pulse amplitude and width increase with increasing obliqueness, which once again can be understood with Eq. (26) . We note that the width ∆ ∝ l 2 x l z = √ sin 2 θ cos θ is zero when θ is either 0 • or 90
• , meaning that no solitary waves form at exactly parallel or perpendicular propagation.
Furthermore, the width increases when θ increases from zero, attains its maximum at some angle θ ≈ 54.7
• , and then decreases for further increases in θ. Considering that the amplitude ∝ 1/ cos θ, one sees that the KAW pulses propagating at small angles to the external magnetic filed tend to be weak and narrow ones.
III. NONLINEAR SCHRODINGER EQUATION AND ROGUE WAVE SOLU-

TIONS
To study the modulational instability of the weakly nonlinear wave packets described by the KdV equation (22), we first make the dispersion coefficient positive by making a simple transform ψ = −ψ, τ = τ and ξ = −ξ, which will not change the solution in essence [53] .
Actually, the KdV equation can be equally applied to a medium with negative dispersion (when the phase velocity of waves decreases with increasing wave number) as well as to a medium with positive dispersion, the difference being only in the direction in which the ξ-axis is directed. With this transform the KdV equation retains its original form, but the resulting nonlinearity and dispersion coefficients become A = A and B = −B. Next we consider solutions to the resulting KdV equation in the form of a weakly modulated sinusoidal wave ψ (for details of the technique, see e.g., [54, 55] )
where k is the carrier wave number and ω is the angular frequency for the given KAW. The stretched variables ζ and χ are chosen as
where v g is the group velocity. By standard practice, we assume that fast scales enter into our discussion via the phase (kξ − ωτ ) only, while slow scales (ζ, χ) do so only in the form of the arguments of the l-th harmonic amplitude ψ n l . For ψ(ζ, χ) to be real, one must require that ψ n −l = ψ n * l where * denotes complex conjugate. Substituting Eqs. (29) and (30) into Eq. (22), one readily finds
With (n, l) = (1, 1) one finds that
while the equations with (n, l) = (2, 1) give the group velocity as
Proceeding to (n, l) = (2, 2) and (2, 0), one finds that
Finally, substituting the above derived expressions into the (l = 1) component of the third-order part of the reduced equations, one obtains the following nonlinear Schrödinger equation expressed in Ψ ≡ ψ
1 ,
where P = 6Bk, and
are the dispersion and nonlinear coefficients, respectively. To study rogue waves, a rational solution to Eq. (35) reads (see e.g., [56] )
which predicts the concentration of KAW energy into a small region due to the nonlinear properties of the plasma medium. Rogue waves are usually an envelope of a carrier wave with a wavelength smaller than in the central region of the envelope.
Based on the linear stability analysis [57, 58] , it is observed that the waves as described by the nonlinear Schrodinger equation are modulationally unstable when P/Q > 0 and when the modulation wave number satisfies To show how the wave envelope depends on the electron superthermality, Figure 4 shows the Ψ profiles as a function of ζ and χ for (a) κ = 1.6, (b) κ = 2 and (c) κ = 4 when β = 0.05, θ = 20
• , and k = 0.9. It is clear that both the amplitude and width of the envelope increase when κ increases, meaning that the more pronounced the deviation from a Maxwellian, the weaker the rogue waves. Thus one can say that rogue waves for Maxwellian plasmas correspond to higher energy than for superthermal plasmas. 
